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ISOPARAMETRIC FOLIATION AND A PROBLEM OF BESSE ON
GENERALIZATIONS OF EINSTEIN CONDITION
ZIZHOU TANG AND WENJIAO YAN†
Abstract. The focal sets of isoparametric hypersurfaces in spheres with g = 4 are
all Willmore submanifolds, being minimal but mostly non-Einstein ([TY1], [QTY]).
Inspired by A.Gray’s view, the present paper shows that, these focal sets are all A-
manifolds but rarely Ricci parallel, except possibly for the only unclassified case. As
a byproduct, it gives infinitely many simply-connected examples to the problem 16.56
(i) of Besse concerning generalizations of the Einstein condition.
1. Introduction
The Riemannian manifolds with constant Ricci curvatures (the Einstein condition)
and those with constant scalar curvatures are two important classes of Riemannian
manifolds. We denote them by E and S, respectively. Then there comes apparently
a class of manifolds with parallel Ricci tensor, denoted by P, lies between E and S.
As further generalizations of the Einstein condition, A. Gray ([Gra]) introduced two
significant classes A and B defined as follows, in which the Ricci tensor ρ is cyclic
parallel and a Codazzi tensor, respectively:
A : ∇iρjk +∇jρki +∇kρij = 0(1.1)
B : ∇iρjk −∇jρik = 0.
These two classes A and B are investigated extensively since then. In view of the second
Bianchi identity, the class B coincides with those having harmonic curvatures. Gray
also showed that the following inclusions exist between the various classes:
E ⊂ P = A ∩ B ⊂
A
⊂
B
⊂
⊂
A ∪ B ⊂ S
and proved that A and B are the only classes between P and S from the view of group
representations.
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[TY1] and [QTY] provide many new examples of Willmore submanifolds in spheres
via isoparametric foliation. More precisely, the focal submanifolds of isoparametric hy-
persurfaces in spheres with four distinct principal curvatures (the most complicated
and abundant case) are all Willmore submanifolds in spheres. Since the focal subman-
ifolds are minimal in spheres, in contrast with the well-known fact that the Einstein
manifolds minimally immersed in spheres are Willmore, [QTY] also determined which
of these focal submanifolds are Einstein. A further and natural question arises: are they
Ricci parallel, A-manifolds, or B-manifolds ? The present paper aims at an answer to
this question.
To state clearly the results, we first need a short review of the isoparametric
foliation.
Researches on classifications and applications of isoparametric foliation in spheres
have been quite active recently (for classifications, see [CCJ], [Miy], [Chi]; for applica-
tions, see for example, [GR], [GX], [QTY], [TXY], [TY1], [TY2]). As is well known,
an isoparametric hypersurface Mn in Sn+1(1) is a hypersurface with constant princi-
pal curvatures. Let g be the number of distinct principal curvatures with multiplicity
mi (i = 1, ..., g). According to [Mu¨n], g can be only 1, 2, 3, 4 or 6, and mi = mi+2
(subscripts mod g). When g = 1, 2, 3 and 6, the classification for isoparametric hyper-
surfaces are accomplished; when g = 4, all isoparametric hypersurfaces are of OT-FKM
type (defined later), or of homogeneous type with (m1,m2) = (2, 2), (4, 5) except pos-
sibly for the case with (m1,m2) = (7, 8) (cf. [Chi]).
In fact, an isoparametric hypersurfaces in Sn+1(1) always comes as a family of
parallel hypersurfaces, which are level hypersurfaces (isoparametric foliation) of an
isoparametric function f , that is, a function on Sn+1(1) satisfying
(1.2)
{
|∇f |2 = b(f),
∆f = a(f),
where ∇f and ∆f are the gradient and Laplacian of f on Sn+1(1), b and a smooth
and continuous functions on R, respectively. The two singular sets of f are called the
focal sets (submanifolds), denoted respectively by M1 and M2, being actually minimal
submanifolds of Sn+1(1) with codimensions m1 + 1 and m2 + 1 (cf. [CR]).
Now we recall the construction of isoparametric functions of OT-FKM type, con-
structed by Ferus, Karcher and Mu¨nzner ([FKM]), following [OT]. For a symmet-
ric Clifford system {P0, · · · , Pm} on R2l, i.e. Pα’s are symmetric matrices satisfying
PαPβ +PβPα = 2δαβI2l, a homogeneous polynomial F of degree 4 on R
2l is defined as:
F (x) = |x|4 − 2
m∑
α=0
〈Pαx, x〉2.(1.3)
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It is easy to verify that f = F |S2l−1 is an isoparametric function on S2l−1. The focal
submanifolds M1 = f
−1(1), M2 = f−1(−1), and the multiplicity pair is (m1,m2) =
(m, l −m− 1), provided m > 0 and l −m− 1 > 0, where l = kδ(m) (k = 1, 2, 3, · · · ),
δ(m) is the dimension of an irreducible module of the Clifford algebra Cm−1.
It was observed by [KN] that the isoparametric hypersurfaces are A-manifolds only
when g ≤ 3, and Ricci parallel only when g ≤ 2. The present paper will study in-depth
the focal submanifolds. As one of the main results, we prove
Theorem 1.1. All the focal submanifolds of isoparametric hypersurfaces in spheres
with g = 4 areA-manifolds, except possibly for the only unclassified case with (m1,m2) =
(7, 8).
From now on, we shall concentrate on the focal submanifolds Mi (i = 1, 2) not in
the unclassified case (m1,m2) = (7, 8). From Theorem 1.1 and the relation P=A ∩ B
it follows that
Mi ∈ P ⇐⇒ Mi ∈ B, (i = 1, 2).
Thus we are left to investigate which Mi is Ricci parallel.
The following theorem achieves a complete answer to this question.
Theorem 1.2. For the focal submanifolds of isoparametric hypersurfaces in spheres
with g = 4, we have
(i) TheM1 of OT-FKM type is Ricci parallel if and only if (m1,m2) = (2, 1), (6, 1),
or it is diffeomorphic to Sp(2) in the homogeneous case with (m1,m2) = (4, 3);
while theM2 of OT-FKM type is Ricci parallel if and only if (m1,m2) = (1, k).
(ii) For (m1,m2) = (2, 2), the one diffeomorphic to G˜2(R
5) is Ricci parallel, while
the other diffeomorphic to CP 3 is not.
(iii) For (m1,m2) = (4, 5), both are not Ricci parallel.
Remark 1.1. As we mentioned in [QTY], the only Einstein ones among the known fo-
cal submanifolds are actually the focal submanifoldM1 of OT-FKM type diffeomorphic
to Sp(2) in the homogeneous case with (m1,m2) = (4, 3) and the focal submanifold
diffeomorphic to G˜2(R
5) with (m1,m2) = (2, 2).
It is well known that the D’Atri spaces (Riemannian manifolds with volume pre-
serving geodesic symmetries) belong to the class A (cf. [Bes], pp.450). So the examples
of A-manifolds are not rare in the literature, but mostly are (locally) homogeneous.
In this regard, Besse ([Bes], 16.56(i), pp.451) posed the following problem as one
of “some open problems” : Find examples of A-manifolds, which are neither locally
homogeneous, nor locally isometric to Riemannian products and have non-parallel Ricci
tensor.
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To find examples for this problem, [Jel] and [PT] constructed A-manifolds on S1-
bundles over locally non-homogeneous Ka¨hler-Einstein manifolds, and on S1-bundles
over aK3 surface, from defining Riemannian submersion metric on the S1-bundles. But
in some sense, their examples are not so satisfying, as they are not simply-connected,
and the metrics are not natural enough.
On the ground of Theorem 1.1 and 1.2, in virtue of the following two propositions,
we find a series of natural, simply-connected examples for this open problem of Besse.
Proposition 1.1. The focal submanifolds of isoparametric hypersurfaces in spheres
with g = 4 and m1,m2 > 1 are not Riemannian products.
Proposition 1.2. The focal submanifolds M1 of OT-FKM type with (m1,m2) =
(3, 4k) are not intrinsically homogeneous.
Remark 1.2. By Morse theory, one sees that if m1 > 1 (resp. m2 > 1), the focal
submanifold M2 (resp. M1) is simply-connected (cf. [Tan]). Combining the two propo-
sitions above with Theorem 1.1 and 1.2, we conclude that the focal submanifolds M1
of OT-FKM type with (m1,m2) = (3, 4k) are simply-connected A-manifolds with non-
parallel Ricci tensor, which are minimal submanifolds in spheres, but neither locally
homogeneous, nor locally isometric to Riemannian products. Much more examples to
the problem of Besse can be obtained in this way, however we shall not go into the
details in this paper.
2. A-manifolds
We begin this section with displaying an equivalent condition of the definition (1.1)
for A-manifold, that is
(2.1) (∇Xρ)(X,X) = 0, for any tangent vector X.
Based on the known classification results of the isoparametric hypersurfaces in spheres
with four distinct principal curvatures, we will divide the proof of Theorem 1.1 into
three parts: the OT-FKM type, the homogeneous cases with (m1,m2) = (2, 2) and
(4, 5).
2.1. OT-FKM type.
2.1.1. M1 of OT-FKM type. According to the definition (1.3), the focal submanifold
M1 of OT-FKM type can be written as:
M1 = {x ∈ S2l−1 | 〈P0x, x〉 = 〈P1x, x〉 = · · · = 〈Pmx, x〉 = 0}.
Note that dimM1 = 2l −m− 2. As pointed out by [FKM], the normal space in S2l−1
at x ∈M1 is
T⊥x M1 = { Px | P ∈ RΣ(P0, ..., Pm) },
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where Σ(P0, ..., Pm) is the unit sphere in Span{P0, ..., Pm}, which is called the Clifford
sphere determined by the system {P0, ..., Pm}.
For the normal vector ξα = Pαx, α = 0, ...,m, denote Aα =: Aξα the shape operator
corresponding to ξα. Then for any X,Y ∈ TxM1, the Ricci tensor ρ(X,Y ) is given by
(cf. [TY1])
ρ(X,Y ) = 2(l −m− 2)〈X,Y 〉+
m∑
α,β=0,α6=β
〈X,PαPβx〉〈Y, PαPβx〉.
As the metric tensor is parallel, we need only to focus on the tensor
σ(X,Y ) =:
m∑
α,β=0,α6=β
〈X,PαPβx〉〈Y, PαPβx〉.
A direct calculation implies
(∇Zσ)(X,Y )
= Zσ(X,Y )− σ(∇ZX,Y )− σ(X,∇ZY )
=
m∑
α,β=0,α6=β
〈X, ∇Z(PαPβx)〉〈Y, PαPβx 〉+ 〈X, PαPβx 〉〈Y, ∇Z(PαPβx)〉
=
m∑
α,β=0,α6=β
〈X, DZ(PαPβx)〉〈Y, PαPβx〉+ 〈X, PαPβx〉〈Y, DZ(PαPβx)〉(2.2)
= −
m∑
α,β=0,α6=β
〈Z, 〈Y, PαPβx〉PαPβX + 〈X,PαPβx〉PαPβY 〉,
where ∇ and D are the Levi-Civita connections on M1 and R2l, respectively.
Apparently, taking X = Y = Z, (2.2) leads directly to (∇Xσ)(X,X) = 0, equiva-
lently, M1 of OT-FKM type is an A-manifold, as we desired.
2.1.2. M2 of OT-FKM type. Following [FKM], we see that the focal submanifold
M2 = F
−1(−1) ∩ S2l−1
= {x ∈ S2l−1| there exists P ∈ Σ(P0, · · · , Pm) with Px = x}.
Observe that for any P ∈ Σ(P0, · · · , Pm), its eigenvalues must be ±1, with equal multi-
plicity. Thus R2l can be decomposed as a direct sum of the corresponding eigenspaces
E+(P ) and E−(P ).
Given x ∈M2 and P ∈ Σ(P0, · · · , Pm) with Px = x. Define
ΣP := {Q ∈ Σ(P0, · · · , Pm)| 〈P,Q〉 := 1
2l
Trace(PQ) = 0},
which is the equatorial sphere of Σ(P0, · · · , Pm) orthogonal to P . In this way, there
exists a decomposition of the tangent space TxM2 with respect to the eigenspaces of
the shape operator.
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Lemma ([FKM]) The principal curvatures of the shape operator Aη with respect to
any unit normal vector η ∈ T⊥x M2 are 0, 1, and −1, with the corresponding eigenspaces
Ker(Aη), E+(Aη), E−(Aη) as follows:
Ker(Aη) = {v ∈ E+(P )| v⊥x, v⊥ΣPη},
E+(Aη) = RΣP (x+ η),(2.3)
E−(Aη) = RΣP (x− η).
Moreover,
dimKer(Aη) = l −m− 1, dimE+(Aη) = dimE−(Aη) = m.
Let’s now choose η1, η2, · · · , ηl−m as an orthonormal basis of T⊥x M2 in S2l−1. De-
note Aα =: Aηα . Then the minimality ofM2 in S
2l−1 leads us to the following expression
of the Ricci tensor with respect to X,Y ∈ TxM2:
(2.4) ρ(X,Y ) = (l +m− 2)〈X,Y 〉 −
l−m∑
α=1
〈AαX,AαY 〉.
Again, we just need to deal with the tensor τ(X,Y ) =:
l−m∑
α=1
〈AαX,AαY 〉.
For this purpose, we make some preparation. In order to facilitate the expression,
we denote Q0 =: P . Then we can extend it to such a symmetric Clifford system
{Q0, Q1, · · · , Qm} with Qi ∈ ΣP (i ≥ 1) that Σ(Q0, Q1, · · · , Qm) = Σ(P0, P1, · · · , Pm).
Using the previous lemma, it is not difficult to find the following:
Lemma 2.1. Given i, 1 ≤ i ≤ m, the unit vectors
(2.5) {Qiη1, · · · , Qiηl−m, Q1x, · · · , Qmx, QiQ1x, · · · , Q̂iQix, · · · , QiQmx}.
constitute an orthonormal basis of TxM2.
Observe that by (2.3), we can decompose AαX as
AαX =
m∑
i=1
〈X,Qix〉Qiηα + 〈X,Qiηα〉Qix.
Then a direct verification by using (2.5) shows that
τ(X,Y ) =
l−m∑
α=1
m∑
i=1
〈X,Qix〉〈Y,Qix〉+ 〈X,Qiηα〉〈Y,Qiηα〉
=
l−m∑
α=1
m∑
k=0
〈X,Pkx〉〈Y, Pkx〉(2.6)
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+
m∑
i=1
{ 〈X,Y 〉 − m∑
j=1
〈X,Qjx〉〈Y,Qjx〉 −
m∑
j=1,j 6=i
〈X,QiQjx〉〈Y,QiQjx〉
}
= m〈X,Y 〉+ (l − 2m)
m∑
k=0
〈X,Pkx〉〈Y, Pkx〉 −
m∑
i,j=1,i 6=j
〈X,QiQjx〉〈Y,QiQjx〉
Define
(2.7) V (X,Y ) =:
m∑
k=0
〈X,Pkx〉〈Y, Pkx〉, W (X,Y ) =:
m∑
i,j=1,i 6=j
〈X,QiQjx〉〈Y,QiQjx〉.
Then decomposing X with respect to the orthonormal basis (2.5), we see that the
tensor V is cyclic parallel, since
(∇XV )(X,X) = 2
m∑
k=0
〈X,Pkx〉〈X,PkX〉
= 2
m∑
i=1
〈X,Qix〉〈X,QiX〉(2.8)
= 4
m∑
i,j=1,i 6=j
〈X,Qix〉〈X,Qjx〉〈X,QiQjx〉
= 0.
As for the tensor W , we can rewrite it as
(2.9) W (X,Y ) =
m∑
k,s=0,k 6=s
〈X,PkPsx〉〈Y, PkPsx〉 − 2V (X,Y )
Thus it is easy to see that
(2.10) (∇XW )(X,X) = 2
m∑
k,s=0,k 6=s
〈X,PkPsx〉〈X,PkPsX〉 − 2(∇XV )(X,X) = 0.
At last, combining (2.4), (2.6), (2.8) with (2.10), we arrive at the conclusion that the
focal submanifold M2 of OT-FKM type is an A-manifold, as desired.
2.2. the homogeneous case. It is well known that a homogeneous (isoparametric)
hypersurface in Sn+1(1) can be characterized as a principal orbit of the isotropy repre-
sentation of some rank two symmetric space G/K, while focal submanifolds correspond
to the singular orbits (cf. [HL]). Denote by G and k the Lie algebras of G and K, re-
spectively. Then one has the following Cartan decomposition
G ∼= k⊕ p.
Let 〈·, ·〉 be the usual Ad(K)-invariant inner product on G that is induced from the
Killing form and the Cartan involution of G. Following [BCO], let z0 ∈ p be a unit
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vector and M = Ad(K) ·z0 the corresponding adjoint orbit included in the unit sphere.
This leads to a reductive decomposition of k at z0:
k = kz0 ⊕m,
where kz0 = {Y ∈ k | [Y, z0] = 0} is the isotropy subalgebra at z0, and m is the
orthogonal complement with respect to 〈·, ·〉 of kz0 in k. The tangent space and normal
space of M in p at z0 are given by
Tz0M = [m, z0], T
⊥
z0
M = { ξ ∈ p | [ξ, z0] = 0},
while the shape operator with respect to ξ is
Aξ[m, z0] = −[m, ξ]⊤, for m ∈ m,
where (·)⊤ denotes the orthogonal projection to Tz0M . We prepare the following lemma
whose proof is omitted.
Lemma 2.2. Given m, m˜ ∈ m, the Levi-Civita connection on M is stated as
∇[m,z][m˜, z] = [m˜, [m, z]]⊤, z ∈M.
Now let Mn = Ad(K) · z0 be a singular orbit, so that it is a minimal submanifold
in the unit sphere Sn+p. Choose ξ1, · · · , ξp as a unit normal basis. Similar as (2.4), to
verify the condition (2.1), we need only deal with the tensor τ(X,Y ) =
p∑
α=1
〈AαX,AαY 〉,
for which we have
1
2
(∇Xτ)(X,X) =
p∑
α=1
〈 ∇X(AαX)−Aα(∇XX), AαX〉.
Given a tangent vector at z0, say [m, z0] for some m ∈ m, we extend it to a tangent
vector field X by X(z) = [m, z] for z ∈ M . We have the following two equations and
define m′ uniquely by the first one:
∇XX |z0 = [m, [m, z0]]⊤ = [m′, z0], AαX = −[m, ξα]⊤.
Let γ(t) = exp(tm) · z0 ∈ M be a curve so that γ(0) = z0, γ′(0) = X(z0). Clearly,
for any α = 1, · · · , p, the unit normal vector ξα at z0 can be extended along the curve
γ(t) to ξα(t) = exp(tm) · ξα. Then it is easy to see that Aξα(t)X |γ(t) = −[m, ξα(t)]⊤.
It follows from the equality exp(tm) · [m, ξα] = [m, exp(tm) · ξα] that Aξα(t)X |γ(t) =
−exp(tm) · [m, ξα]⊤. Thus we obtain immediately
∇X(AαX) |z0 = −(
d
dt
|t=0[m, ξα(t)]⊤)⊤ = −[m, [m, ξα]⊤]⊤, Aα(∇XX) = −[m′, ξα]⊤.
In this way, an equivalent condition of (2.1) for the orbit M to be an A-manifold can
be stated as
(2.11)
1
2
(∇Xτ)(X,X) =
p∑
α=1
〈 [m, ξα]⊤, [m, [m, ξα]⊤]⊤〉 − 〈 [m, ξα]⊤, [m′, ξα]⊤〉 = 0.
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2.2.1. (m1,m2) = (2, 2).
In this case, G = SO(5)× SO(5), K = SO(5). Notice that
k =
{(X 0
0 X
)
: X ∈ so(5)
} ∼= so(5), p = {(X 0
0 −X
)
: X ∈ so(5)
} ∼= so(5),
for simplicity, we will just write the upper triangular part of a matrix in this subsection.
The group K acts on p by the adjoint action:
K × p → p
A, Z 7→ A · Z ·A−1
By virtue of [QTY], the singular orbit (focal submanifold) diffeomorphic to G˜2(R
5)
is Einstein, thus automatically Ricci parallel, and an A-manifold. Therefore, we will
concentrate on the other singular orbit (focal submanifold) in this subsection.
Choose a point z0 =
1√
2
J J
0
, with J =: ( 0 1−1 0
)
. It is easy to see
that the orbit {A · z0 · A−1 | A ∈ SO(5)} denoted by M1 is a singular orbit, which is
diffeomorphic to CP 3, as pointed out in [QTY].
A direct calculation shows that
kz0 = u(1)× u(1), m ∼=
{
m =
0 A b∗ 0 c
∗ ∗ 0
 , A = (a1 a2
a2 −a1
)
,b, c ∈M2,1(R)
}
.
Noticing that JA = −AJ and At = A, a tangent vector of M1 at z0 can be expressed
as:
[m, z0] = mz0 − z0m = 1√
2
0 2AJ −Jb∗ 0 −Jc
∗ ∗ 0
 .
Thus any normal vector ξ ∈ T⊥z0M1 ⊂ Tz0p with 〈ξ, z0〉 = 0 can be written as
ξ =
λJ X 0∗ −λJ 0
∗ ∗ 0
 , with λ ∈ R, JX = XJ.
Meanwhile, the equality
[m, [m, z0]]
⊤ =
1√
2
0 0 3JAc∗ 0 −3JAb
∗ ∗ 0
 =: [m′, z0]
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implies that
m′ = 3
0 0 −Ac∗ 0 Ab
∗ ∗ 0
 .
Furthermore, from
[m, ξ] =
XA−AXt 0 −(λJb+Xc)∗ XtA−AX λJc+Xtb
∗ ∗ 0
 , [m′, ξ] = 3
0 0 λJAc−XAb∗ 0 λJAb−XtAc
∗ ∗ 0
 ,
and
[m, ξ]⊤ =
0 0 −(λJb+Xc)∗ 0 λJc+Xtb
∗ ∗ 0
 , [m′, ξ]⊤ = [m′, ξ],
it follows the equality as below:
(2.12) 〈 [m, ξ]⊤, [m′, ξ]⊤〉 = 0.
On the other hand, we have
[m, [m, ξ]⊤]⊤ =
0 ∗ λAJc+AXtb∗ 0 λAJb+AXc
∗ ∗ 0
 .
Then a simple calculation leads to
(2.13) 〈 [m, ξ]⊤, [m, [m, ξ]⊤]⊤〉 = 0.
Consequently, combining (2.12) with (2.13), the proof of (2.11) is accomplished.
Namely, the focal submanifold diffeomorphic to CP 3 is an A-manifold.
2.2.2. (m1,m2) = (4, 5).
In this case, G = SO(10), K = U(5), p = so(5,C). K acts on p by the adjoint
action:
K × p → p
g, Z 7→ g · Z · g−1
(1). Choose a point z0 =
1√
2
J J
0
, with J =: ( 0 1−1 0
)
. It is easily seen that
the corresponding orbit
M141 = {g · z0 · g−1 | g ∈ U(5)}
is a singular orbit (focal submanifold), which is diffeomorphic to U(5)
/
Sp(2) × U(1)
(cf. [QTY]).
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Since the action of U(5) on so(5,C) is given by g · Z · g−1, we emphasis that the
expressions before Subsection 2.2.1 for tangent space, normal space, shape operator, and
connection are still valid, only to replace the expression of [ , ] with [m, z0] = mz0−z0m.
In this way, the equality exp(tm) · [m, ξα] = [m, exp(tm) · ξα] still holds.
With no difficulty, we obtain that
m =
{λI A b∗ µI c
∗ ∗ 0
 : λ, µ ∈ √−1R, A ∈ gl(2,C), AJ = −JA,b, c ∈M2,1(C)}.
Notice that a tangent vector at z0 can be given by
[m, z0] = mz0 − z0m = 1√
2
−2λJ 2AJ −Jb∗ −2µJ −Jc
∗ ∗ 0
 .
Any normal vector ξ ∈ T⊥z0M1 ⊂ Tz0p with 〈ξ, z0〉 = 0 can be written as
ξ =
tJ X 0∗ −tJ 0
∗ ∗ 0
 , with t ∈ R,XJ = JX.
Additionally, the following equation
[m, [m, z0]]
⊤ =
1√
2
0 0 3(λJb+ JAc)∗ 0 3(µJc − JAtb)
∗ ∗ 0
 =: [m′, z0],
implies that
m′ =
0 0 −3(λb+Ac)∗ 0 −3(µc−Atb)
∗ ∗ 0
 .
Based on the condition of AJ = −JA and XJ = JX, we obtain:
[m, ξ]⊤ =
−2tλJ +XA
t −AXt −(λ+ µ)X −(tJb+Xc)
∗ 2tµJ +XtA−AtX tJc+Xtb
∗ ∗ 0

and
[m′, ξ]⊤ = 3
0 0 tλJb+ tJAc+ µXc−XA
t
b
∗ 0 −tµJc+ tJAtb− λXtb−XtAc
∗ ∗ 0
 .
Moreover, a direct calculation leads to
(2.14) 〈 [m, ξ]⊤, [m′, ξ]⊤〉 = 0.
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Next, to simplify the calculation of 〈 [m, ξ]⊤, [m, [m, ξ]⊤]⊤〉, we will choose a normal
basis such that it satisfies either (i) or (ii) as follows:
(i). X = 0, t = 1. On this condition, we have
[m, z0] =
1√
2
−2λJ 2AJ −Jb∗ −2µJ −Jc
∗ ∗ 0
 , and [m, ξ]⊤ = [m, ξ] =
−2λJ 0 −Jb∗ 2µJ Jc
∗ ∗ 0
 ,
which imply
[m, [m, ξ]⊤]⊤ =
0 ∗ 3λJb+AJc∗ 0 −3µJc+AtJb
∗ ∗ 0
 .
By a simple calculation, we obtain
(2.15) 〈 [m, ξ]⊤, [m, [m, ξ]⊤]⊤〉 = 0.
(ii). t = 0. On this condition, we have
[m, z0] =
1√
2
−2λJ 2AJ −Jb∗ −2µJ −Jc
∗ ∗ 0
 , [m, ξ]⊤ =
XA
t −AXt −(λ+ µ)X −Xc
∗ XtA−AtX Xtb
∗ ∗ 0
 .
For clarity, defining
σ := XA
t −AXt, θ =: XtA−AtX,
we have
[m, [m, ξ]⊤] =

(
−(3λ+ µ)σ
+bctXt −Xcbt
) (
(λ+ µ)2X +Aθ − σA
−bbtX −Xcct
) (
(2λ+ µ)Xc
+(2AXt −XAt)b
)
∗
(
−(λ+ 3µ)θ
+Xtbct − cbtX
) (
−(λ+ 2µ)Xtb
+(2AtX −XtA)c
)
∗ ∗ 2btXc− 2ctXtb
 .
Then a complicated but not difficult calculation shows that
(2.16) 〈 [m, ξ]⊤, [m, [m, ξ]⊤] 〉 = 0.
Finally, combining (2.14) (2.15) with (2.16), we achieve the equality in (2.11).
Namely, the focal submanifold M141 with (m1,m2) = (4, 5) is an A-manifold.
(2). Choose a point z0 =
J 0
0
, with J =: ( 0 1−1 0
)
. It is easily seen that the
corresponding orbit
M132 = {g · z0 · g−1 | g ∈ U(5)}
is a focal submanifold, which is diffeomorphic to U(5)
/
SU(2)× U(3) (cf. [QTY]).
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Without much difficulty, we observe
m =
{(λI A
∗ 0
)
: λ ∈ √−1R,A ∈M2,3(C)
}
.
Then a tangent vector at z0 is given by:
[m, z0] = mz0 − z0m = −
(
2λJ JA
∗ 0
)
,
and any normal vector ξ ∈ T⊥z0M132 ⊂ Tz0p with 〈ξ, z0〉 = 0 can be expressed as
ξ =
(
0 0
0 X
)
, with X +Xt = 0,X ∈ gl(3,C).
Additionally, the equality
[m, [m, z0]]
⊤ =
(
0 3λJA
∗ 0
)
=: [m′, z0],
implies that
m′ =
(
0 −3λA
∗ 0
)
.
Furthermore, we get
[m, ξ]⊤ =
(
0 AX
∗ 0
)
, and [m′, ξ]⊤ = 3λ
(
0 AX
∗ 0
)
,
which leads directly to
(2.17) 〈 [m, ξ]⊤, [m′, ξ]⊤〉 = 0.
On the other hand, we have
[m, [m, ξ]⊤] =
(
∗ −λAX
∗ ∗
)
,
which implies immediately
(2.18) 〈 [m, ξ]⊤, [m, [m, ξ]⊤] 〉 = 0.
Finally, combining (2.17) with (2.18), we achieve the proof of (2.11), which means
that, the focal submanifold M132 with (m1,m2) = (4, 5) is an A-manifold.
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3. Ricci parallelism of the homogeneous cases
At the beginning of this section, we recall some facts for a Riemannian manifold
Mn with pi1M = 0.
Given p ∈ Mn, define the Ricci operator Sp : TpM → TpM by 〈Sp(X), Y 〉 =
ρ(X,Y ), ∀ Y ∈ TpM . Clearly, the Ricci operator Sp is a self-adjoint operator with
eigenvalues at p:
λ1 < λ2 < · · · < λk, 1 ≤ k ≤ n.
In this regard, we can decompose TpM into the eigenspaces Ei for Sp as
TpM
n = E1 ⊕E2 ⊕ · · · ⊕ Ek.
Now suppose Mn is Ricci parallel, which means that the Ricci tensor is invariant
under parallel translation. Then the Ricci operator has eigenvalues λ1 < · · · < λk at
each point. As a result, we can parallel translate these eigenspaces to get a global
decomposition
TMn = ζ1 ⊕ ζ2 ⊕ · · · ⊕ ζk,
into parallel distributions, with the property that
S|ζi = λi · Id.
By the assumption pi1M
n = 0, and de Rham decomposition theorem, we can derive
a global isometric splitting of Mn as
Mn ∼= N1 ×N2 × · · · ×Nk, with Ni Einstein and TNi = ζi (i = 1, 2, · · · , k).
As we mentioned in Remark 1.2, the focal submanifoldM1 (resp. M2) with m2 > 1
(resp. m1 > 1) is simply-connected.
Lemma 3.1. Suppose the focal submanifold Mm1+2m21 (resp. M
2m1+m2
2 ) with g = 4
and m2 > 1 (resp. m1 > 1) is Ricci parallel, and the Ricci operator has eigenvalues
λ1 < · · · < λk with k ≥ 2. Then k = 2.
Proof. We are mainly concerned with the proof forMm1+2m21 ; the other case is verbatim
with obvious changes on index ranges.
Suppose k ≥ 3. Then a splitting for M1 can be decomposed as a product of closed
manifolds: M1 ∼= Nn11 × Nn22 × N
n3
3 with n1 ≤ n2 ≤ n3, where N3 = N3 × · · · × Nk.
Then from the assumption 0 = pi1M1 ∼= pi1N2 ⊕ pi1N2 ⊕ pi1N3, we observe that N1, N2
and N3 are simply-connected as well. Thus ni ≥ 2 (i = 1, 2, 3).
As a matter of fact, for the focal submanifold Mm1+2m21 with m2 > 1, the Betti
numbers satisfy (cf. [Mu¨n]):
(1) βi(M1) = 0, for i 6= 0,m2,m1 +m2, or m1 + 2m2;
(2) βj(M1) = 1, for j = 0,m2,m1 +m2, and m1 + 2m2.
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In fact, the homology groups of M1 have no torsion. On the condition of this fact, for
2 ≤ n1 ≤ n2 ≤ n3 ≤ m1+2m2−4, from the Ku¨nneth formula for homology group with
Z-coefficients:
Hk(P ×Q) ∼=
∑
p+q=k
Hp(P )⊗Hq(Q)⊕
∑
r+s=k−1
Tor(Hr(P ),Hs(Q)),
it follows that
βn1(M1), βn2(M1), βn3(M1) ≥ 1, βn1+n2(M1), βn1+n3(M1), βn2+n3(M1) ≥ 1.
Consequently, we obtain that n1 = m2, and thus n1+n2 = m1+m2. ThusM
m1+2m2
1 =
Nm21 ×Nm12 ×N
m2
3 , and further m1 = m2. Moreover, it follows that β2m1(M1) ≥ 3, a
contradiction. ✷
Now suppose k = 2. From the argument above, it follows that Mm1+2m21
∼=
Nm21 × Nm1+m22 with pi1N1 = pi1N2 = 0. By Ku¨nneth formula, we get HiN1 = 0 for
1 ≤ i ≤ m2 − 1. Similarly HiN2 = 0 for 1 ≤ i ≤ m1 − 1. In other words, N1, N2 are all
simply connected homology spheres. Therefore, we obtain the following proposition:
Proposition 3.1. Suppose the focal submanifold Mm1+2m21 with g = 4 and m2 > 1 is
Ricci parallel, but not Einstein. Then
(i) The Ricci operator S has exactly two eigenvalues, with multiplicitiesm2 andm1+
m2, respectively;
(ii) Mm1+2m21 is diffeomorphic to a product N
m2
1 ×Nm1+m22 , where each factor is
a simply connected homology sphere.
In the following, we will verify the Ricci parallelism for the focal submanifolds
with (m1,m2) = (2, 2) and (4, 5) case by case. As mentioned before, the focal subman-
ifold diffeomorphic to G˜2(R
5) with (m1,m2) = (2, 2) is Einstein, while the other one
diffeomorphic to CP 3 is not.
Case 1: The focal submanifold M61 (diffeomorphic to CP
3) with (m1,m2) = (2, 2).
Suppose M61
∼=
diffeo.
CP 3 is Ricci parallel. Then from Proposition 3.1(ii), it follows
that CP 3 is diffeomorphic to N21×N42 . Observe that N1 is a simply connected surface, it
must be homeomorphic to a 2-sphere, and thus the third homotopy group pi3(N1) ∼= Z.
This implies that pi3(N
2
1 ×N42 ) ≇ 0, while pi3CP 3 ∼= 0. There comes a contradiction.
Consequently, the focal submanifold M61 in this case is not Ricci parallel.
Case 2: The focal submanifold M141 (diffeomorphic to U(5)
/
Sp(2) × U(1)) with
(m1,m2) = (4, 5).
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Suppose that M141 is Ricci parallel. It follows from Proposition 3.1 (ii) that M1 is
diffeomorphic to N51 ×N92 . We are going to show this impossible.
By Lemma 1.1 in [Tan], the Stiefel-Whitney class w4(M2) ofM
13
2 is nonzero (based
on the elegant work of U. Abresch). It follows that the normal bundle ν(M2) of M
13
2
in S19 has w4(ν(M2)) 6= 0. By Thom isomorphism, we see clearly that the Steenord
square
Sq4 : H5(M1;Z2) −→ H9(M1;Z2)
is nonzero (compare with page 262 in [Fan]), from which we claim that M141 is not
diffeomorphic to N51 ×N92 . To show the claim above, we choose generators
ei ∈ H0(Ni;Z2), ai ∈ Hdi(Ni;Z2), i = 1, 2,
where di := dim(Ni). Denote by pi the projection from N1 × N2 to Ni. Then by
Ku¨nneth formula, p∗1(a1)∪p∗2(e2) generates H5(M1;Z2). By Cartan formula (cf. [MS]),
we see
Sq4(p∗1(a1) ∪ p∗2(e2)) = p∗1Sq4(a1) ∪ p∗2(e2) = 0 ∪ p∗2(e2) = 0,
a contradiction.
Case 3: The focal submanifold M132 (diffeomorphic to U(5)
/
SU(2) × U(3)) with
(m1,m2) = (4, 5).
As in Subsection 2.2.2 (2), we choose the point z0 =
J 0
0
, with J =:
(
0 1
−1 0
)
. Recall that M132 is the orbit of the isotropy representation at z0. Take a
tangent vector X = [m, z0] = −
(
2λJ JA
∗ 0
)
, with m =
(
λI A
∗ 0
)
∈ u(5), λ ∈ √−1R;
and normal vectors ξα with 〈ξα, z0〉 = 0 as ξα =
(
0 0
0 Xα
)
with Xα +X
t
α = 0,Xα ∈
gl(3,C), α = 1, · · · , 6.
Since the Ricci tensor with respect toX,Y ∈ Tz0M2 is ρ(X,Y ) = 〈12X−
∑6
α=1A
2
αX, Y 〉,
the Ricci operator can be written as
S(X) = 12X −
6∑
α=1
A2αX.
We are now left to complete the verification by virtue of Proposition 3.1 (i).
From the formula AαX = −[m, ξα]⊤ =: [mα, z0], it follows that
mα =
(
0 −JAXα
∗ 0
)
∈ u(5).
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Thus choosing X1 =
(
0 1 0−1 0 0
0 0 0
)
, X2 =
(
0 i 0
−i 0 0
0 0 0
)
, X3 =
(
0 0 1
0 0 0−1 0 0
)
, X4 =
(
0 0 i
0 0 0
−i 0 0
)
, X5 =(
0 0 0
0 0 1
0 −1 0
)
, and X6 =
(
0 0 0
0 0 i
0 −i 0
)
, we derive that
6∑
α=1
A2αX = −
6∑
α=1
[mα, ξα]
⊤ =
6∑
α=1
(
0 −JAXαXα
∗ 0
)⊤
=
(
0 4JA
∗ 0
)
.
In this way, we obtain the Ricci operator
S(X) = 12X −
6∑
α=1
A2αX =
(
−24λJ −8JA
∗ 0
)
.
A direct calculation shows that the Ricci operator S has two eigenvalues 12 and 8, with
multiplicities 1 and 12, respectively, which contradicts Proposition 3.1 (i).
The proof of Theorem 1.2 (ii), (iii) is now complete.
4. Ricci parallelism of OT-FKM type
For convenience, we will firstly deal with the focal submanifold M2 of OT-FKM
type.
4.1. M2 of OT-FKM type. The proof of Theorem 1.2 will be finished by establishing
the following two propositions.
Proposition 4.1. The focal submanifold M2 of OT-FKM type with m = 1 is Ricci
parallel.
Proof. When m = 1, the equalities (2.6) turn to be
(4.1) τ(X,Y ) =
l−1∑
α=1
〈AαX,AαY 〉 = 〈X,Y 〉+ (l − 2)V (X,Y ),
where V (X,Y ) is defined in (2.7). At x ∈ M2 with Px = x, we can always choose
Q0 =: P = 〈P0x, x〉P0 + 〈P1x, x〉P1 by the definition of FKM-polynomial F in (1.3),
and then Q1 can be stated as Q1 = 〈P1x, x〉P0 − 〈P0x, x〉P1. In this way, it is easily
seen that
V (X,Y ) =
1∑
k=0
〈X,Pkx〉〈Y, Pkx〉 = 〈X,Q1x〉〈Y,Q1x〉,
and then
(4.2) ∇V = 0⇐⇒ 〈X,∇Z(Q1x)〉〈X,Q1x〉 = 0, ∀X,Z ∈ TxM2.
For the first factor on the righthand side, it follows from a simple calculation that
〈X,∇Z(Q1x)〉 = 〈X, DZ(〈P1x, x〉P0x− 〈P0x, x〉P1x)〉
= 〈X, Q1Z + 2(〈P1x,Z〉P0x− 〈P0x,Z〉P1x)〉
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= 0.
We need to explain the reason for the last equality. In this case {Q1N1, Q1N2, · · · , Q1Nl−1, Q1x}
constitutes an orthonormal basis of TxM2 by (2.5), and we can show that
〈Q1Z,Q1x〉 = 0, 〈 〈P1x,Z〉P0x− 〈P0x,Z〉P1x, Q1x 〉 = 〈Z,Q0x〉 = 0,
and for any α = 1, · · · , l − 1,
〈Q1Z,Q1Nα〉 = 0,
〈 〈P1x,Z〉P0x− 〈P0x,Z〉P1x, Q1Nα 〉 = −〈Nα, Q1x〉〈Z,Q1x〉 = 0.
The proof of Proposition 4.1 is now complete.
Remark 4.1. In fact, as asserted by [TY2], up to a two-fold covering, M2 with m = 1
is isometric to S1 × Sl−1.
Proposition 4.2. The focal submanifoldM2 of OT-FKM type with m ≥ 2 is not Ricci
parallel.
Proof. Recall the equalities (2.6)
τ(X,Y ) =
l−m∑
α=1
〈AαX,AαY 〉 = m〈X,Y 〉+ (l − 2m)V (X,Y )−W (X,Y ).
For covariant derivative of the items on the righthand side, we have
(∇ZV )(X,Y ) =
m∑
i=0
〈X,PiZ〉〈Y, Pix〉+ 〈X,Pix〉〈Y, PiZ〉
=
m∑
i=1
〈X,QiZ〉〈Y,Qix〉+ 〈X,Qix〉〈Y,QiZ〉.(4.3)
and by (2.9), it is not difficult to see
(∇ZW )(X,Y )(4.4)
=
m∑
k,s=0,k 6=s
(
〈X,PkPsZ〉〈Y, PkPsx〉+ 〈X,PkPsx〉〈Y, PkPsZ〉
)
− 2(∇ZV )(X,Y )
=
m∑
i,j=1,i 6=j
(
〈X,QiQjZ〉〈Y,QiQjx〉+ 〈X,QiQjx〉〈Y,QiQjZ〉
)
+2
m∑
i=1
(
〈X,Qix〉〈Y,QiQ0Z〉+ 〈Y,Qix〉〈X,QiQ0Z〉
)
− 2(∇ZV )(X,Y )
Taking X = Q1Q2x, Y = Q1x and Z = Q2x in (4.3), (4.4), we obtain
(4.5) (∇Zτ)(X,Y ) = l − 2m+ 2 +
∑
i,j=1,··· ,m,i 6=j,
{i,j}6={1,2}
〈Q1Q2x,QiQjx〉2 ≥ l − 2m+ 2.
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Suppose M2 is Ricci parallel. Then we get l − 2m + 2 ≤ 0, which holds only in the
cases (m1,m2) = (6, 1), (5, 2) and (9, 6) in OT-FKM type.
While in view of [FKM], the families with multiplicities (6, 1) and (5, 2) are con-
gruent to that with multiplicities (1, 6) and (2, 5) respectively, and the focal sub-
manifolds interchange. Thus the focal submanifold M2 with (m1,m2) = (6, 1) and
(m1,m2) = (5, 2) are congruent to M1 with (m1,m2) = (1, 6) and (2, 5) respectively,
which are not Ricci parallel as a direct result of (4.9) in Subsection 4.2.
As for the (9, 6) case, we have
Lemma 4.1. The focal submanifold M2 of OT-FKM type with (m1,m2) = (9, 6) is
not Ricci parallel.
Up to now, the proof of Proposition 4.2 is complete provided we give a proof of
the lemma above.
Proof. Suppose that M242 is Ricci parallel. It follows from Proposition 3.1(ii) that
M2 is diffeomorphic to N
9
1 × N152 , where N1 and N2 are simply connected homology
spheres. By the well-known Hurewicz theorem and Whitehead theorem, one sees that
any simply connected homology sphere is in fact homotopy equivalent to a unit sphere.
Thus M242 has the same homotopy type with S
9 × S15.
On the other hand, it is impossible that M242 has the same homotopy type with
S9 × S15 by the Clifford construction. To show this claim, we follow Wang ([Wan]).
For a symmetric Clifford system {P0, · · · , Pm} on R2l with l = kδ(m), where k is a
positive integer and δ(m) is the dimension of irreducible Cm−1-modules, by using the
theory of Atiyah-Bott-Shapiro, Wang constructed a vector bundle ξ of rank l over Sm.
Moreover, Wang showed (Prop.1 in [Wan]) that the focal manifold M2 is diffeomorphic
to S(ξ), the unit sphere bundle of ξ. Suppose that l ≥ m + 2. Thus the vector ξ is
trivial if and only if it is stable trivial. If m is not divisible by 4, observe (ref. the
proof of Corollary 1 in [Wan]) that ξ − l ∈ K˜O(Sm) is equal to k times a generator of
K˜O(Sm).
In our case, l = 16,m = 9. The assumption l ≥ m + 2 is satisfied. Furthermore,
since δ(9) = 16, k = 1, it follows from the arguments above that
ξ − 16 ∈ K˜O(S9) ∼= Z2 is a generator.
Thus the characteristic map χ(ξ) of the bundle ξ over S9 is not trivial in pi8SO(16).
Consider the J-homomorphism of Whitehead
J : pi8SO(16) ∼= pi8SO ∼= Z2 −→ pi24S16 ∼= piS8 .
By Adams[Adm], the homomorphism J is a monomorphism. Hence J(χ(ξ)) does not
vanish in the stable homotopy group piS8 . Applying Theorem (1.11) in [JW], we conclude
that M242 has not the same homotopy type with S
9 × S15.
20 Z.Z.TANG AND W. J. YAN
4.2. M1 of OT-FKM type. From (2.2), it follows that the focal submanifold M1 of
OT-FKM type is Ricci parallel, if and only if at any point x ∈M1,
(4.6)
m∑
α,β=0,α6=β
〈Y, 〈X,PαPβx〉PαPβZ+〈Z,PαPβx〉PαPβX〉 = 0, ∀ X,Y,Z ∈ TxM1.
It is easily seen that an equivalent condition of (4.6) can be stated as:
A(X,Y ) =:
m∑
α,β=0,α<β
〈X,PαPβx〉PαPβY + 〈X,PαPβY 〉PαPβx
∈ Rx⊕ Span{P0x, P1x, · · · , Pmx} =: L, ∀ X,Y ∈ TxM1, ∀ x ∈M1.
Define
Vx =: Span{PαPβx, 0 ≤ α < β ≤ m} ⊂ TxM1, Wx =: V⊥x ⊂ TxM1,
so that TxM1 = Vx ⊕Wx.
Suppose now that M1 is Ricci parallel. Firstly, for any X = w ∈ Wx, we have
(4.7) A(w, Y ) =
m∑
α,β=0,α<β
〈w,PαPβY 〉PαPβx ∈ L ∩ Vx = {0}, ∀ Y ∈ TxM1.
Next, choosing Y = P0w ∈ TxM1, (4.7) changes to
(4.8) A(w,P0w) =
m∑
α,β=0,α<β
〈w,PαPβP0w〉PαPβx =
m∑
β=1
〈w,Pβw〉P0Pβx = 0.
Since P0P1x, P0P2x, · · · , P0Pmx are linearly independent, (4.8) implies that
〈w,Pβw〉 = 0, β = 1, 2, · · · ,m.
Analogously, replacing Y = P0w with Y = P1w,P2w, · · · , Pmw leads to
〈w,Pαw〉 = 0, α = 0, 1, · · · ,m.
Using a polarization, it is easy to find that 〈w1, Pαw2〉 = 0, for any w1, w2 ∈ Wx. In
other words,
Pαw ∈ Vx, for any w ∈ Wx.
Denote the shape operator with respect to P0x by A0 =: AP0x, then
A0 : TxM1 → TxM1 = T0 ⊕ T1 ⊕ T−1
X 7→ −(P0X)⊤
where T0, T1, T−1 are eigenspaces of A0 corresponding to eigenvalues 0, 1,−1, respec-
tively, and in this case, T0 = Span{P0P1x, P0P2x, · · · , P0Pmx} ⊂ Vx. Thus
A0 |Wx :Wx → T⊥0 ⊂ Vx
w 7→ A0w = −P0w ∈ Vx
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is injective. Then it is clear that dimWx ≤ dimT⊥0 , which implies immediately the
following necessary condition for M1 to be Ricci parallel:
(4.9) dimVx ≥ l − 1 = kδ(m)− 1.
On the other hand, dimVx ≤ 12m(m+1). Comparing with the following inequalities
l − 1 > 1
2
m(m+ 1), l −m− 1 > 0,
we are left to deal with the following cases, while the others are not Ricci parallel:
m 2 4 5 6 7 8 9 10 11 12
k 2 2 1,2 1,2 2,3 2,3,4 1,2 1 1 1
(1) the case m = 2, k = 2, i.e. (m1,m2) = (2, 1).
In view of [FKM], the family with multiplicities (2, 1) is congruent to that with
multiplicities (1, 2), and the focal submanifolds interchange. Thus the focal submanifold
M1 with (m1,m2) = (2, 1) is congruent to M2 with (m1,m2) = (1, 2), which is Ricci
parallel according to Proposition 4.1.
(2) the case m = 4, k = 2, i.e. (m1,m2) = (4, 3).
According to [FKM], there are two examples of OT-FKM type isoparametric poly-
nomials with multiplicities (m1,m2) = (4, 3), which are distinguished by an invariant
Trace(P0P1P2P3P4) = 2qδ(4), with q ≡ 2 mod 2.
When q = 2, [QTY] asserts that the M1 is Einstein. Thus we are left to the other case
q = 0, in which P0P1P2P3P4 6= ±Id.
Setting P = P0P1P2P3, it is easy to see that P is symmetric and P
2 = Id. Then
following from Theorem 5.1 and 5.2 in [FKM], we can find a point x ∈ M1 as the
+1-eigenvector of P , i.e. P0P1P2P3x = x. On this condition, we can show
Vx = Span{P0P1x, P0P2x, P0P3x, P0P4x, P1P4x, P2P4x, P3P4x}.
Then from the decomposition TxM1 = Vx ⊕Wx, it follows that
Wx = Span{P0P1P4x, P0P2P4x, P0P3P4x}.
On the other hand, using polarization, another equivalent condition of (4.6) can
be stated as well:
(4.10) B(X) =:
m∑
α,β=0,α<β
〈X,PαPβx〉PαPβX ∈ L, for any X ∈ TxM1, x ∈M1.
Choosing now X = P0P1x+ w ∈ Vx ⊕Wx, we get
B(X) = −2x+ (P0P1 − P2P3)w.
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Suppose that M1 is Ricci parallel. Noticing 〈(P0P1 − P2P3)w, x〉 = 〈(P0P1 −
P2P3)w,Pix〉 = 0 (i = 0, 1, 2, 3), the arguments above imply
(P0P1 − P2P3)w  P4x.
However, setting w = P0P2P4x, we have 〈(P0P1−P2P3)w,P4x〉 = −2〈P1P2P4x, P4x〉 =
0. Then it must be true that P1P2P4x = 0, a contradiction.
Therefore, M1 with (m1,m2) = (4, 3) and P0P1P2P3P4 6= ±Id is not Ricci parallel.
(3) the cases m = 5, k = 1, 2, i.e. (m1,m2) = (5, 2), (5, 10).
Choose x ∈ S2l−1 as a common eigenvector of the commuting 4-products P0P1P2P3
and P0P1P4P5. It is easy to see that x ∈M1 and dimVx = 7.
In the case (m1,m2) = (5, 2), dimWx = 2, and Wx = Span{P0P2P4x, P0P2P5x}.
Suppose M1 is Ricci parallel. Then for w = P0P2P4x, X = P0P2P5x, we have
A(w,X) =
5∑
α,β=0,α<β
〈w,PαPβX〉PαPβx = 3P4P5x 6= 0,
which contradicts (4.7).
In the case (m1,m2) = (5, 10), dimVx = 7 < l − 1 = 15, which means that M1 is
not Ricci parallel by (4.9).
(4) the cases m = 6, k = 1, 2, i.e. (m1,m2) = (6, 1), (6, 9).
In the case (m1,m2) = (6, 1), according to [FKM], M1 is congruent to M2 with
(m1,m2) = (1, 6), which is Ricci parallel by Proposition 4.1.
In the case (m1,m2) = (6, 9), choose x ∈ S2l−1 as a common eigenvector of the
commuting 4-products P0P1P2P3, P0P1P4P5 and P0P2P4P6. Then it is easy to see that
x ∈M1 and dimVx ≤ 7 < l−1 = 15. It follows from (4.9) thatM1 is not Ricci parallel.
(5) the cases m = 7, k = 2, 3, i.e. (m1,m2) = (7, 8), (7, 16).
Choose x ∈ S2l−1 as a common eigenvector of the commuting 4-products P0P1P2P3,
P0P1P4P5, P0P1P6P7 and P0P2P4P6. Then it is easily seen that x ∈M1 and dimVx = 7.
In these two cases, we have l = kδ(7) = 16 or 24. It follows immediately that
dimVx < l − 1, thus M1 in both cases are not Ricci parallel.
(6) the cases m = 8, k = 2, 3, 4, i.e. (m1,m2) = (8, 7), (8, 15), (8, 23).
When k = 2 (resp. 3, 4), the FKM-polynomial is defined on R32 (resp. R48,R64).
Since P2P4P6P8 anti-commutes with P2, E+(P2P4P6P8) has dimension 16 (resp. 24, 32).
It is an invariant subspace of the anti-commuting operators P3P4P7P8 and P3. Thus
E+(P2P4P6P8) ∩ E+(P3P4P7P8) is of dimension 8 (resp. 12, 16) and further it is an
invariant subspace of the anti-commuting operators P5P6P7P8 and P5. Thus the space
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E′ =: E+(P2P4P6P8) ∩ E+(P3P4P7P8) ∩ E+(P5P6P7P8) is of dimension 4 (resp. 6, 8)
and on this space, we have
F (x) = |x|4 − 2
1∑
α=0
〈Pαx, x〉2.
This function is not constant and a maximum point lies in M1. We choose such
an x ∈M1. Then at this point, it is not difficult to see that dimVx ≤ 22.
In the case k = 2 (resp. 3), l − 1 = 23 (resp. 31), we have dimVx < l − 1. A
similar argument as above shows thatM1 with (m1,m2) = (8, 15) or (8, 23) is not Ricci
parallel.
In the case k = 1, we divide the proof into two cases: the definite family P0P1 · · ·P8 =
±Id and the indefinite family P0P1 · · ·P8 6= ±Id.
Case 1: For the definite family, we observe that
{P0P1x, · · · , P0P8x, P1P2x, · · · , P1P8x, P2P3x, · · · , P2P8x, P3P4x}
constitutes an orthonormal basis of TxM1. Taking X = P0P3x, Y = P0P2x, we see
A(X,Y ) =
m∑
α,β=0,α<β
〈X,PαPβx〉PαPβY + 〈X,PαPβY 〉PαPβx
=
m∑
α,β=0,α<β
〈P0P3x, PαPβx〉PαPβP0P2x+ 〈P0P3x, PαPβP0P2x〉PαPβx
= 2P2P3x
6∈ L
Thus M1 in this case is not Ricci parallel.
Case 2: For the indefinite family, extend {P0, P1, · · · , P8} to {P0, P1, · · · , P9}.
Choose x to be a common eigenvector of P2αP2α+1P2βP2β+1, 0 ≤ α < β ≤ 4. Then
x ∈ M1 and dimVx = 21. On the other hand, since M1 is of dimension 22, the
Ricci operator S(X) = 2(l −m− 2)X + 2∑0≤α<β≤9〈X,PαPβx〉PαPβx, must have an
eigenvalue 0 with multiplicity 1.
Suppose that M1 is Ricci parallel, which is indeed not Einstein (cf. [QTY]). Then
Proposition 3.1 (i) shows that the Ricci operator must have two eigenvalues with mul-
tiplicities 7 and 15, respectively. There comes a contradiction.
Therefore, M1 in this case is not Ricci parallel.
(7) the cases m = 9, k = 1, 2, i.e. (m1,m2) = (9, 6), (9, 22).
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In the case (m1,m2) = (9, 6), the Ricci curvature with respect to X,Y ∈ TxM1
can be stated as (cf. [QTY]):
(4.11)
ρ(X,Y ) = 10〈X,Y 〉+ 4{5
2
〈X,P0P1x〉〈Y, P0P1x〉+
∑
(α,β)∈Λ
〈X,PαPβx〉〈Y, PαPβx〉
}
where Λ = {(0, 2), (0, 3), · · · , (0, 9), (2, 4), (2, 5), · · · , (2, 9), (4, 6), (4, 7), · · · , (4, 9), (6, 8), (6, 9)}.
By a direct calculation, we derive that
1
4
(∇Zρ)(X,Y ) = 5
2
〈X,P0P1Z〉〈Y, P0P1x〉+ 5
2
〈X,P0P1x〉〈Y, P0P1Z〉
+
∑
(α,β)∈Λ
(〈X,PαPβZ〉〈Y, PαPβx〉+ 〈X,PαPβx〉〈Y, PαPβZ〉).
Taking now tangent vectors X = P0P1x, Y = P0P2x and Z = P1P2x, we get
1
4
(∇Zρ)(X,Y ) = 3
2
+
9∑
α=6
〈P0P2x, P4Pαx〉2 +
9∑
β=8
〈P0P2x, P6Pβx〉2 ≥ 3
2
.
Thus the M1 with (m1,m2) = (9, 6) is not Ricci parallel.
In the case (m1,m2) = (9, 22), choose x ∈ S2l−1 as a common eigenvector of the
commuting 4-products P2αP2α+1P2βP2β+1, 0 ≤ α < β ≤ 4. Then it is easy to see that
x ∈M1 and dimVx ≤ 21. Evidently, dimVx < l−1 = 31, thus M1 is not Ricci parallel.
(8) the case m = 10, k = 1, i.e. (m1,m2) = (10, 21).
With a similar discussion as in the case (6), it follows that the space E+(P0P1P2P3)∩
E+(P0P1P4P5)∩E+(P4P5P6P7)∩E+(P2P3P8P9) is of dimension 4. On this space, the
FKM-polynomial is
F (x) = |x|4 − 2〈P10x, x〉2.
This function is not constant and a maximum point lies in M1. We choose x ∈ S63
to be the maximum point of the restricted F . It is easily seen that x ∈ M1, and
dimVx ≤ 31 = l − 1.
If dimVx < 31, then M1 is not Ricci parallel.
If dimVx = 31 = l − 1, since M1 is of dimension 52, 0 must be an eigenvalue of
the Ricci operator S with multiplicity 21. Suppose that M1 is Ricci parallel, which is
indeed not Einstein by [QTY]. Then the Ricci operator S has two eigenvalues with
multiplicities 21 and 31, respectively. Thus for any tangent vector X ∈ Vx, S(X) = c·X,
where c is a constant. However, taking X1 = P0P1x, we have S(X1) = 5P0P1x; while
taking X2 = P0P10x, we have S(X2) = P0P10x, which is an obvious contradiction.
Therefore, M1 is not Ricci parallel.
(9) the case m = 11, k = 1, i.e. (m1,m2) = (11, 52).
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Choose x ∈ S127 as a common eigenvector of the commuting 4- products P2αP2α+1P2βP2β+1,
0 ≤ α < β ≤ 5. Then it is easy to see that x ∈M1 and further dimVx ≤ 31 < l−1 = 63.
Thus M1 is not Ricci parallel.
(10) the case m = 12, k = 1, i.e. (m1,m2) = (12, 51).
Choose x ∈ S127 as a common eigenvector of the commuting 4- products P0P1P2P3,
P4P5P6P7, P0P1P8P9, P2P3P8P9, P6P7P10P11, and P0P2P8P12. Then it is easy to see
that x ∈M1 and further dimVx ≤ 56 < l − 1 = 63. Thus M1 is not Ricci parallel.
The proof of Theorem 1.2 (i) is now complete.
5. Examples to the problem of Besse
We begin this section with a proof of Proposition 1.1.
Proposition 1.1. The focal submanifolds of isoparametric hypersurfaces in spheres
with g = 4 and m1,m2 > 1 are not Riemannian products.
Proof. For convenience, we are only concerned with the proof for M1, while the other
case is verbatim.
Observe that the sectional curvature is given by
Sec(X ∧ Y ) = 1 +
m1+1∑
α=1
〈AαX,X〉〈AαY, Y 〉 −
m1+1∑
α=1
〈AαX,Y 〉2,
where X and Y are unit tangent vectors at the same point perpendicular to each other.
For simplicity, we denote
A˜(X,Y ) =
m1+1∑
α=1
〈AαX,X〉〈AαY, Y 〉, B˜(X,Y ) =
m1+1∑
α=1
〈AαX,Y 〉2.
Lemma 5.1. The inequality A˜ ≤ 1 holds, and the equality holds if and only if the
following two conditions are both satisfied:
(1) 〈AαX,X〉 = 〈AαY, Y 〉, for any α = 1, · · · ,m1 + 1
(2) X is an +1-eigenvector for a certain unit normal vector N .
Proof of Lemma 5.1. Denote
a =: (〈A1X,X〉, 〈A2X,X〉, · · · , 〈Am1+1X,X〉) =: (a1, a2, · · · , am1+1),
b =: (〈A1Y, Y 〉, 〈A2Y, Y 〉, · · · , 〈Am1+1Y, Y 〉).
Notice that A˜ = 〈a,b〉 ≤ |a| · |b| ≤ 12(|a|2 + |b|2), and
A˜ =
1
2
(|a|2 + |b|2) ⇐⇒ a = b
Define a function on the unit tangent bundle by
φ : S(TM1) −→ R
26 Z.Z.TANG AND W. J. YAN
X 7−→
m1+1∑
α=1
〈AαX,X〉2
For any curve X(t) in S(TM1) with X(0) = X a maximum point, we have
0 =
d
dt
∣∣
t=0
φ(X(t)) = 4 〈
m1+1∑
α=1
〈AαX,X〉AαX,X ′(0) 〉,
which implies that
m1+1∑
α=1
〈AαX,X〉AαX = c ·X,
for some number c. Hence
m1+1∑
α=1
〈AαX,X〉2 = c〈X,X〉 = c ≥ 0.
If c = 0, then A˜ = 0. Thus we are left to consider c > 0. For any orthonormal
normal vectors {N1, N2, · · · , Nm1+1} of M1 in the unit sphere, we denote a unit normal
vector by N =:
1
|a|
m1+1∑
α=1
aαNα =
1√
c
m1+1∑
α=1
aαNα. Then it is clear that ANX =
√
c ·X.
On the other hand, recall that for any unit tangent vector on a focal submanifold
with g = 4, the corresponding principal curvatures are ±1 and 0 (cf. [CR]). Thus
c = 1, which leads directly that A˜ ≤ 1. ✷
Now we continue proving Proposition 1.1. Combining Lemma 5.1 with the fact
B˜ ≥ 0, we can conclude that
(5.1) Sec ≤ 2.
Recall that for an orthonormal basis {X =: e1, e2, · · · , em1+2m2} of TxM1, the
Gauss equation leads the Ricci curvature ρ(X) to be
ρ(X) =
m1+2m2∑
i=2
{1 +
m1+1∑
α=1
〈AαX,X〉〈Aαei, ei〉 −
m1+1∑
α=1
〈AαX, ei〉2}(5.2)
= m1 + 2m2 − 1−
m1+1∑
α=1
|AαX|2
≥ 2(m2 − 1),
since Aα (α = 1, · · · ,m1 + 1) is trace free with eigenvalues ±1 and 0.
Suppose M1 is a Riemannian product. Using the Ku¨nneth formula and the Betti
numbers of the focal submanifolds given in the proof of Lemma 3.1, we can assert that
M1 ∼= Nm21 ×Nm1+m22 . Thus for X = e1, · · · , em2 ∈ TxN1, (5.1) and (5.2) lead to
2(m2 − 1) ≤ ρ(X) = Sec(X ∧ e2) + · · ·+ Sec(X ∧ em2) ≤ 2(m2 − 1)
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which implies that ρ(X) = 2(m2 − 1), and further Sec(X ∧ ei) = 2 (i = 2, · · · ,m2),
Sec(ej , ei) = 0 (i = 1, · · · ,m2, j = m2 + 1, · · · ,m1 +m2).
However, let {η˜1 =: η, η˜2, · · · , η˜m1+1} be orthonormal normal vectors at x ∈ M1
in the unit sphere S2m1+2m2+1, with respect to which, we have Aη˜1X = X, and thus
Aη˜αX = 0 for α = 2, · · · ,m1 + 1. We choose a unit Y ∈ TxN2 with AηY 6= −Y .
Thus 〈Y,Aη˜αX〉 = 0 (α = 1, · · · ,m1 + 1). On these conditions, it is easy to see that
A˜(X,Y ) 6= −1 and B˜(X,Y ) = 0, thus Sec(X ∧ Y ) 6= 0, a contradiction to the product
splitting.
The proof of Proposition 1.1 is now complete. ✷
To illustrate our examples to the open problem of Besse, it suffices to prove Propo-
sition 1.2.
Proposition 1.2. The focal submanifolds M1 of OT-FKM type with (m1,m2) =
(3, 4k) are not intrinsically homogeneous.
Proof. According to Theorem 5.1 in [FKM], the space Ω defined by
{x ∈M1 | there exists an orthonormalQ0, · · · , Q3 ∈ Σ(P0, · · · , P3) withQ0 · · ·Q3x = x}
can be expressed as
{x ∈M1 | there exists orthonormal N0, · · · , N3 ∈ T⊥x M1 with dim(
3⋂
i=0
KerANi) ≥ 3}.
By Theorem 5.2 in [FKM], whenm1 = 3, Ω is non-empty and Ω 6=M1. Comparing with
Theorem 5.8 in [FKM], which states that dim(
⋂3
i=0KerANi) ≤ 3 when m1 = 3, we
can conclude that dim(
⋂3
i=0KerANi) = 3. Thus for any x ∈ Ω, and a unit X ∈ TxM1,
the Ricci curvature ρ(X) takes the maximum 2l − 6 at the 3-dimensional subspace⋂3
i=0KerANi of TxM1.
On the other hand, at any y ∈M1\Ω, the Ricci curvature is less than the maximum
2l − 6.
The proof of Proposition 1.2 is now complete.
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